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Abstract

I characterize the preferences over sets of acts that result from the Rational Inat-
tention Model of Sims [2003]. Each act specifies a consequence depending on the state
of the world. The decision-maker can pay attention to information about the state of
the world in order to choose a better act, but doing so is costly. Specifically, the cost
equals the reduction in the entropy of beliefs resulting from observing information.

The model is shown to be essentially equivalent to three properties of choice: (1)
choices are probabilistic, in the sense that the only feature of a state of the world
that matters for the decision is the likelihood that the decision-maker ascribes to that
state occurring; (2) decision problems depending on independent events may be solved
separately of each other; (3) an option of conditioning the decision on events that are

independent of the payoff-relevant events is worthless.

1 Introduction

When making a choice, it is valuable to have access to information, but when information
is abundant, assimilating all of it may not be worth the effort. A decision-maker must first
decide how to allocate attention to the different sources of information. In other words, she
may deliberately choose not to pay attention to part of the information—she is rationally

inattentive.
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The allocation of attention can be understood as an information acquisition problem.
The decision-maker faces a menu of options, each yielding a consequence in each state of the
world: a set F' of acts f associating the consequence f (w) € X to each state w. Learning
information about the state is valuable because it allows her to choose the act f which
is best suited to the actual state, but it does not come for free, since paying attention is
costly. Upon observing the information, a bayesian decision-maker updates her prior p to a
posterior p. When choosing what information to pay attention to, the resulting posterior is
not known yet; only the distribution of possible posteriors is known. Formally, the decision

maker solves

max /A(Q)max Zu(f(w))p(w) 7 (dp) —c(m)| . (1.1)

well(p) fer weQ

where u : X — R is a utility function, II(p) is the set of distributions over posteriors
consistent with the given prior p and ¢ : I (p) — R is an information cost function.

Sims [2003] proposed to use information theory to specify the cost of information. The
basic idea is to use as a cost of information the reduction in uncertainty resulting from the
observation of that information, where the uncertainty of a probability distribution p is

given by its Shannon Entropy:

H(p) ==Y p(w)logyp(w).

w

The cost of information is then given by the mutual information:*

I(m)= / (H (p) — H (p) 7 (dp) . (1.2)
AQ)

I will refer to the maximization problem (1.1) with the cost of information given by the
mutual information (1.2) as the Rational Inattention Model.

Sims’s seminal contribution was followed by applications in various settings. It is there-
fore natural to ask when it provides a good approximation of behavior. However, in the

usual interpretation, not only is the information cost ¢ not directly observable, but neither

To be precise, Sims’s original formulation was to consider a constraint on how much information the
agent can learn. This may be modeled as a cost which is zero if the amount of information learned is below
a certain threshold and infinity otherwise. Both specifications are used in the subsequent literature, but
here I will not treat the formulation with the constraint. However, it should be noted that by using the
Lagrangian, both specifications are equivalent for local statements.



is the solution 7 (the information acquired). The connection between observable choices
and the specification of the cost function ¢ is then rather indirect; it results from the
unobserved maximization in (1.1).

This paper shows an axiomatic characterization of the preferences over menus given by
the Rational Inattention Model. The literature on rational inattention is usually focused
on its necessary implications in richer environments, where it is difficult to disentangle
the particular implications of rational inattention alone. In contrast, I focus on a simple
choice environment and obtain axioms on preferences that are necessary and sufficient
for the behavior to be consistent with the Rational Inattention Model. Because they are
necessary, the axioms provide new testable implications of the model. Their sufficiency
is useful for two reasons. First, the suitability of the model for a particular application
may be easier to assess by evaluating the suitability of the axioms. Second, if an axiom is
found to be unreasonable for an application, investigating the consequences of relaxing it
can lead to a more appropriate model, which still enjoys the properties stemming from the
axioms that are deemed reasonable. Future work in Decision Theory that explores such

relaxations can thereby be useful for applied work.

1.1 Preview of Axioms

The preferences over menus represented by (1.1), where the cost of information is general,
are characterized by De Oliveira et al. [2013]. In that paper, we show that the cost function
can be fully identified from the preferences over menus, up to a normalization. In this
paper, | introduce new axioms that will determine the particular cost of information given
by (1.2). I discuss the three axioms that are most particular to the entropy specification

below.

1.1.1 Symmetry

Suppose © = {1,2,3,4} and the decision-maker’s prior assigns equal probability to states
2 and 3.2 Symmetry states that, when evaluating a menu, it is inconsequential to switch the
roles of 1 and 2. For example, if we consider a menu of two acts F' = {(a, b, ¢,d) , (z,y,w, 2)},

the symmetry axiom states that it must be indifferent to the menu G = {(a, ¢,b,d) , (z,w,y, z) }:

2The prior is itself subjective; it can be derived from preferences over menus of a single act. The use
of the prior to discuss the axiom is an expository device. The actual statement is solely in terms of the
preferences.



equally likely states are exchangeable.?

Symmetry’s implications for the costs of attention can be understood with the following
example. When facing the menu F' = {(1,1,0,0),(0,0,1,1)} (the act (1,1,0,0) pays 1$
in states 1 and 2 and 0$ in states 3 and 4) it is useful to know which cell of the partition
P = {{1,2},{3,4}} contains the state. When facing G = {(1,0,1,0),(0,1,0,1)}, it is
useful to know which cell of the partition Q@ = {{1,3},{2,4}} contains the state. The
indifference of the decision-maker between F' and G reveals that both types of information
are equally hard to learn. Thus, Symmetry rules out situations where the two types of
information are available in disparate formats, which could make learning about some
events harder than about other events, even though they may be regarded as equally likely

to occur.

1.1.2 Separability in Orthogonal Decisions

Consider 2 = {1, 2, 3,4}, with all states equally likely, and the partitions P = {{1,2},{3,4}}
and Q = {{1,3},{2,4}}. If the decision maker learns which cell of the partition P contains

the state, she would still assign equal probability to each cell of @ containing the state:

the posterior is equal to the prior. In this case we say that the partitions P and Q are

orthogonal.

Now consider the following menus

F ={(4,4,0,0),(0,0,4,4)} G ={(5,0,5,0),(0,5,0,5)}
F' ={(2,2,1,1),(1,1,2,2)} G =1{(4,2,4,2),(2,4,2,4)}

When choosing from F or F’, only information about P matters (they are P-measurable).
When choosing from G or G’, only information about Q matters. Suppose that a coin is
flipped: if it comes up heads the resulting consequence comes from the act of choice from
F'; otherwise it will come from the choice from G. We may represent this as %F + %G.
Since the decision-maker does not know which menu will obtain, both information about P
and information about @ matter. But the information that is useful to improve the choice

from F' (information about P) is not useful to improve the choice from G.

3With a finite set of states, Symmetry trivially holds whenever no two states are equally likely. In
the paper, the state space will be infinite, and the prior non-atomic, so that Symmetry will always be
consequential. Its interpretation is not affected by this change.



Separability in Orthogonal Decisions states that the decision of which P-measurable
menu to face is separable from whatever O-measurable menu the decision-maker might be
facing. In the example above, if the preference satisfies

1

1,1 1
F4+ -G -F +=
5 +2G +2G,

~ 2

then the axiom requires that the same must be satisfied if G is switched with G'.

1.1.3 Irrelevance of Orthogonal Flexibility

Consider again the menu F from the previous example.

F= {flan} = {(47470>0) ) (07074a 4)} .

Learning which cell of the partition @ = {{1,3},{2,4}} contains the state should not be
useful information, since the posterior belief about which act yields a better payoff remains
the same. Learning the cell in @ would allow the agent to condition the choice of f; or fo
depending on whether {1,3} or {2,4} contains the state. This can be represented by the

menu

F = {f17f27f37f4} = {(4,4,0,0) ) (0707474) ) (4707074) ’ (0,4, 47 0)} .

The act f3 = (4,0,0,4) corresponds to the choice of f; if {1,3} realizes and fy if {2,4}
realizes; the act fy = (0,4,4,0) reverses these choices. The statement that learning Q is
not useful implies that F ~ F.

Independence of Orthogonal Flexibility extends this idea as follows. Suppose the deci-
sion maker, who faces the menu %F + %G, is now offered the opportunity to condition her
choice from F' on the partition Q. The axiom states that this extra flexibility should still
have no value: ) ) ) )

§F+§G~§F+§G.

1.2 Related Literature

The Rational Inattention Model has been applied to various settings. In finance, Yang
[2011] shows that the flexibility of choosing the type of information to be acquired can
increase the degree of common knowledge of the fundamentals in a coordination game. In

macroeconomics, Matejka and McKay [2012] analyze a market with inattentive consumers.



Mackowiak and Wiederholt [2012] show that an inattentive agent acquires less information
under limited liability than under unlimited liability. Paciello and Wiederholt [2011] char-
acterize the optimal monetary policy when firms are inattentive, with a cost of information
which is an increasing convex function of the mutual information. Finally, Martin [2013]
characterizes equilibria in a game where buyers pay attention before purchasing goods from
sellers.

Many other applications follow Sims’s original formulation, where the decision maker’s
information acquisition problem is constrained by an upper bound on the mutual informa-
tion of the channel (while incurring no cost). The two approaches are “locally” equivalent
in the following sense. When solving for the decision maker optimal choice of information
using Sims’ formulation, the Lagrangian multiplier effectively turns the constraint into a
linear representation. Therefore, the two models behave similarly for small variations in
the menu.

Two other papers examine the Rational Inattention Model from the perspective of
choice theory. Matejka and McKay [2013] shows an equivalence between the behavior of a
rationally inattentive decision maker and the stochastic choice described by a generalized
multinomial logit model. Caplin and Dean [2013] also consider stochastic choices, but
from menus of acts. Assuming that the prior belief of the agent can be controlled by
an experimenter, they establish testable implications and test them in an experiment.
However, those implications are not shown to be equivalent to Rational Inattention Model.

Cabrales et al. [2013] consider an ordering over information structures in the context of
a portfolio choice problem, under the assumption that the utility function over monetary
outcomes satisfy increasing relative risk aversion. They show that the order can be rep-
resented by the mutual information. In contrast, I impose no restrictions on risk aversion
and no restrictions on the type of problems the decision-maker may face and ask when this

decision-maker subjectively evaluates information using the mutual information formula.

2 Preliminaries

The set of states of the world is 2 = [0, 1], endowed with the Borel o-algebra B. Let X
be a convex set of consequences (for example, X could be the set of lotteries over a fixed
set of prizes). An act is a function f: Q — X that is measurable and takes finitely many
values. A finite set of acts will be called a menu and denoted by F,G, H etc. The set of
all acts is denoted by F and the set of all menus is F.



2.1 Preferences
The primitive is a preference 7 defined over menus (elements of F), which is interpreted
according to the following timeline.

Choice of Attention Choice of
a menu allocation an act

First, the decision-maker chooses among menus, revealing her preference. Then she has
access to information and decides how much attention to pay to this information, and how
to allocate the attention to different aspects of the available information. Finally, she picks

an act from the menu chosen earlier.

2.2 Mixtures

Mixtures of acts are defined pointwise, as in Anscombe and Aumann [1963]. Given two
acts f,g and a scalar o € [0, 1], denote by af + (1 — a) g the act that in each state w
delivers the outcome af (w) + (1 — a) g (w). For a € [0,1], the mixture of two menus is
defined as in Dekel et al. [2001]:

aF+(1-a)G={af+(1—-a)g: feF,geG}.

We can interpret aF' + (1 — ) G as a lottery over what menu the agent will be facing.
Given two acts f and g and an event FE, the act fFg is identical to f in the event F

and to g in its complement, as in

flw) ifwekFlE

(/Fg) () = { |
gw) fwé¢FE

and likewise for menus: FEG = {fEg: f € F, g € G}.
Definition 1. An event F is said to be null if fEg ~ g for all acts f and g.

2.3 Partitions

A partition of € is a finite set of disjoint events P = {Ey,..., E,} whose union is Q. An
act f is P-measurable if it is constant in each event of P, and a menu is P-measurable if

each act in it is P-measurable.



Definition 2. A partition P = {E}, ..., E,} is called an equipartition if zE;y ~ xE;y for
all 7,7 and z,y € X.

Under expected utility, a partition is an equipartition if and only if all its events are

regarded as equally likely.

Definition 3. Two equipartitions P = {E1,...,E,} and Q = {Dy,..., Dy} are said to

be orthogonal if, for all P-measurable acts f, g and h, we have
fDih Z gDih = fD;h Z gD;h

When the decision-maker evaluates acts using expected utility (which will be the case
under the axioms that will follow), the condition fD;h 7= gD;h holds for some h if and
only if it holds for all of them (this is Savage’s postulate P2). Therefore, the conditional
preference 7Zp, over acts f : D; — X is well defined by f z—p, ¢ if and only if fD;h 22 gD;h
for some act h. This preference is an expected utility preference, and its probability
distribution is obtained by conditioning the prior of the original preference to the event
D;. Thus, P and Q are orthogonal if and only if the preference 7 p, does not depend on ¢,
that is, if and only if the conditional distribution over the cells of P is always the same. In
other words, learning that the state of the world lies in D; € Q does not convey any useful

information about what cell of P contains the state.

2.4 Information

Denote by A () the set of all countably additive probability distributions over € and by
A4 [0,1] the set of distributions that admit densities (with respect to the Lebesgue measure
on [0,1]). An information channel is a distribution m over A (2) with finite support?,
which can be understood as the probability that the decision-maker observes a signal (out
of a finite set) together with the posterior belief obtained by Bayesian updating, after the
observation of the signal. The set of information channels consistent with a given prior
P € A(Q) is denoted by II (p).

Blackwell [1951, 1953] defines an important raking of informativeness of an information

channel.

“Information channels are also known by the terms “information structures” and “experiments”. The
term “information channel” is common in Information Theory.



Definition 4. Let 7, p € I (p) be two information channels. Then 7 is more informative

than pif, for every menu F' and utility function wu,

/. o ([ wtrenstas)) =tan > [ o ([ atrptae)) o)

In other words, the channel 7 is more informative than the channel p if the value of
information given by m is always higher than the value of information given by p. This

order is used in the definition of information cost of De Oliveira et al. [2013].

Definition 5. A function ¢ : IT (p) — [0, 00] is an information cost function if it is weakly

lower semicontinuous and satisfies the following properties:
1. No information is free: ¢ () =0 if 7 (p) = 1;
2. Convexity: ¢(ar+ (1 —a)p) < ac(m)+ (1 —a)c(p);
3. Blackwell Monotonicity: ¢ () > ¢(p) whenever 7 is more informative than p.

The mutual information (1.2) satisfies the properties above, and is therefore an information

cost function.

2.5 A general representation

De Oliveira et al. [2013] provide axioms for the preference over menus that result from the
general information acquisition problem. To be precise, the preference is represented by

the utility function V, given by

V(F) = l o 2 (] ) ) wtap) - c<7r>] ,

where v : X — R is an affine utility function with unbounded range, p € A (€2) is the prior
and c: II (p) — [0, 00| is an information cost function. The original axioms of De Oliveira
et al. [2013] are listed in the Appendix. The result extending the representation to the

infinite state space Q = [0, 1] is also provided there.



3 Axioms

This section shows the behavioral axioms. Axioms 1 and 2 allow the well-behaved extension
of the result of De Oliveira et al. [2013] to the infinite state space Q = [0, 1]. Axioms 3-5

are sufficient to represent the cost function as
cm= [ v (3.1)
A()

where ¢ : A (2) — R is convex, ¢ (p) = 0 and ¢ > 0. Because such a cost function c is
linear in 7, I refer to them as the Linearity Axioms. Axioms 6-8 are the main contribution
of this paper. They show the extra assumptions that are required, beyond the formula in

(3.1), for the preference to be represented by the Rational Inattention Model.

3.1 Extension Axioms

Axiom 1 (Monotone Continuity). Let F, G and H be menus such that G = H. If
E; D Ey D Es... is a sequence of events such that ), Ey, is null, there exists an N € N

large enough, such that
n>N = F|[E,|G> F[E, H.

This axiom is a variation of a standard assumption on preferences over acts that guar-

antees countable additivity of the prior.

Axiom 2 (Absolute Continuity). Let E be an event such that A (E) =0 (X is the Lebesgue

measure on [0,1]). Then for all outcomes x and y, xEy ~ x.

This axiom allows us to restrict attention to beliefs that admit densities (with respect
to the Lebesgue measure).
3.2 Linearity Axioms

Axiom 3 (Independence of Irrelevant Alternatives). If F ~ FNG ~ G then F ~ FUQG.

If the condition holds, we may think of the menus F' and G as adding some options to
F N G which turn out to be irrelevant. The axiom states that these extra options are still

irrelevant it they are simultaneously added to the menu F N G.

Axiom 4 (Linearity). For every menu F, there exists an act h such that h ~ F ~ FU{h}

10



This axiom states that there exists an act which is, at the same time, irrelevant and

indifferent to the menu F.

Axiom 5 (Unbounded Attention). Let E C Q be non-null and y be an outcome. Then,
for every a € (0,1), there exist x = y such that

{zEy,yEx} - ax + (1 — a)y.

If the decision-maker could freely learn whether the true state lies or not in E, she
could always pick the better outcome z, so the menu would be indifferent to x. The axiom
states that this situation can be approximated by choosing an outcome x € X that is
sufficiently good. In other words, if the incentive to learn some information is high enough,

the decision maker can do so with arbitrarily high precision.

3.3 Entropy Axioms

This section shows the main three axioms of the representation: Symmetry, Separability

in Orthogonal Decisions, and Irrelevance of Orthogonal Flexibility.

3.3.1 Symmetry

To discuss the Symmetry Axiom, we first need to define a notion of relabeling of states.

Definition 6. A measurable bijection o : ) — Q is called a rearrangement if h ~ h oo for

every act h.

Here hoo is the act obtained from the composition of the act h with the rearrangement
o. To understand what a rearrangement means, it is helpful to think of the case when € is
finite. In that case, o being a bijection means that it is a permutation of the states. When
the decision maker evaluates acts using expected utility, o is a rearrangement if it only
permutes states that are regarded as equally likely. Indeed, taking x > y, the act h = xFy
may be seen as a bet on the event E. The act h o g, on the other hand, gives x when
the state w is such that o (w) € E and y otherwise. In other terms, hoo =z [07! (E)] y.
Therefore, the act h o o is a bet on the event o~! (E); for a decision maker that evaluates
acts using expected utility, the preference h ~ h o o is equivalent to E and o~! (E) being

equally likely.

11



Using the decision-maker’s subjective prior p, we may regard each act f : Q@ — X as
a random variable that returns an outcome in X. A rearrangement then preserves the
distribution of the random variable. Likewise, we may think of a menu as a set of random

variables. A rearrangement of F', given by
Foo={foo: feF}

not only preserves the distribution of each act f € F, but also preserves their joint distri-

bution.
Axiom 6 (Symmetry). If o is a rearrangement, then F oo ~ F for every menu F.

Using expected utility, this may be rephrased as stating that events that are equally
likely can have their roles exchanged without affecting the preference. For example, con-
sider the partitions P = {D, D¢} and, given a rearrangement o, let E = c~! (D), so that
the events D and E have the same subjective probability. Given a menu F' = {x Dy, yDx},
then F oo = {zFy,yEx}. If the decision-maker finds it easier to learn information about
D than to learn about F, her preference should be F' > F o ¢. Symmetry rules this out:
events that are equally likely are also exchangeable for attention purposes.

Symmetry rules out situations where the information is only available in disparate
formats, which may differ in how much effort they require to understand. For example, it
may be that learning about the partition P = {D, D¢} can be done by reading a newspaper
in English, while to learn about the partition Q@ = {F, E} one would have to read a
french newspaper. A decision-maker who can only read English might not regard the two
exchangeably, even though she might regard D and E as equally likely.

There are, however, at least two situations where the assumption of symmetry is plau-
sible. First, in many models the set of “states of the world” can be understood in a narrow
sense and it is plausible to assume that the information is presented in a uniform fash-
ion. For example, if the states of the world are prices for some goods and the prices and
those are all presented in dollars, then symmetry seems plausible. However, if prices are
presented in different currencies, it might not be. For example, the event D might mean
“good A is more expensive than good B” while the event E might mean “good A is more
expensive than good C”. If the price of A and B are displayed in the same currency, while
the price of C' is displayed in a different one, then it is possible that D and E are a priori

equally likely, but learning about D is easier than learning about F.

12



Second, the decision-maker may have available resources that allow for relatively cheap
conversion of information from one format to another.” For example, while displaying
prices in different currencies may be a considerable hindrance for a small customer, it

should be relatively unimportant for a large financial firm.

Axiom 7 (Separability in Orthogonal Decisions). Let P be a partition and E be an event
orthogonal to P. Suppose that F' and F' are P-measurable and G and G' are {E, E°}-

measurable. Then
aF+(1-a)GnaF+(1-a)G=aF+(1-a)G ZaF' +(1-a)G.

When facing aF' + (1 — «) G, the attention that the decision maker pays can be useful
both for F' and for G, but if P and E are orthogonal, learning which cell of P contains
the true state does not say anything about how likely it is that E occurred. In this sense,
information that is specifically helpful for the decision in F' cannot improve the decision
for G, and vice-versa. The axiom states that, in this case, the decision of which between
F and F’ is preferred is independent of G—the problems are separable.

The axiom also rules out situations where the cost of learning useful information about
F goes up as more effort is spent learning the information that is useful to G. To see this,
consider the case where F' and G’ are general menus whereas F’ and G are menus of a
single constant act. When the decision maker faces aF" + (1 — a) G she has no decision to
take in case G occurs, so that when paying attention to the state, she is free to worry only
about learning information that is relevant for F. However, when facing oF + (1 — ) G’
she has to worry both about which act to pick in case F' occurs and which act to pick
in case G occurs. If spending this attention to decide from G makes paying attention to

decide from F' more expensive, then her preference could revert, violating the axiom.

Axiom 8 (Irrelevance of Orthogonal Flexibility). Let P be a partition and E be an event
orthogonal to P and let F' be P-measurable and G be {E, E°}-measurable. Then aF +
(1-a)G~aF[E]F+(1—-a)G.

To understand the axiom, suppose first that « = 1. We can interpret the menu F' [E] F

as the situation where the decision-maker learns in advance whether E has occurred or not.

5This is an important assumption in the theorems on “efficient coding” in Information Theory. The idea
there is that the bottleneck lies in the transmission of information, not in the compression or decompression
that may happen at both ends.

13



Since FE is orthogonal to P, learning about the occurrence of E does not help in deciding
which act in F to pick, so this information is useless; this can be expressed as F' ~ F'[E] F.

Notice that F' C F [E] F and therefore F' 3 F [E] F, by preference for flexibility. The
axiom implies that for an E which is orthogonal to P, the decision-maker does not value
this extra flexibility. But it says more: the same holds even if there’s also a decision G

which depends only on E but not on P.

4 Representation

Before stating the main result, we generalize some notions for the infinite state space
2 =[0,1]. Recall that Ay[0, 1] denotes the set of probability distributions over [0, 1] that
admit a density. Denote by II (p) the set of distributions 7 over Ay (€2) that have finite
support and satisfy [ p(w)7 (dp) = P (w) for every p in the support of w . The entropy of
a density p is defined by

1
Hp) =~ [ p)ogp(w)d
0
We can now state the main theorem.

Theorem 1. The following statements are equivalent:

1. The preference relation > satisfies axioms 1-8 and the axioms of De Oliveira et al.
[2013] (listed in appendiz A.1).

2. There exist an affine utility function u : X — R with unbounded range and a prior
P € Ay[0,1], such that the preference = is represented by the function V : F — R
defined as

1
V(F) = max [ /A R ( /O u(f(w))p(w)dw> r(dp) — c<w>] |

where

c(m) = [ HB) - H ()7 (dp).
Moreover, the representation is unique up to the addition of a constant to u.

The uniqueness result is not stated in terms of all affine transformations of u, only the

addition of constants. This may be regarded as a normalization caused by the choice of c.

14



If instead we wrote the representation with a constant multiplying ¢, the uniqueness result

would be stated in terms of affine transformations.

5 Discussion

Theorem 1 can be used, as was discussed in the introduction, in discussing the suitability
of the Rational Inattention Model for specific applications. It can also be useful to discuss
alternative models, which may violate some of the axioms. We can then ask what is the
contextual meaning of such violations.

A promising direction for future research is relaxing or modifying the axioms and ex-
amining the implications for the representation. Notably, some of the axioms I presented
are not satisfied by Sims’s original formulation of the problem, where the decision-maker
maximizes the value of information subject to a constraint on the mutual information:
Z (m) < k. Characterizing the preferences resulting from this representation could help
understand when the constrained or the linear model is more appropriate.

However, both the Rational Inattention Model analyzed here and Sims’s formulation
with a constraint represent extreme situations. The constraint reflects the decision-maker’s
inherent capacity for absorbing information, which she cannot control. This can be under-
stood as an assumption that the model really incorporates everything that the decision-
maker can pay attention to, so that fully utilizing her capacity is optimal. In contrast, the
Rational Inattention Model reflects the idea of a constant cost for each unit of capacity.
This may be reasonable, for example, if we understand that the model refers only to a
small part of all the decisions that the decision-maker faces, so that the decision-maker
may reallocate more attention from unmodeled tasks to the modeled task as the latter
becomes more important. In that sense, the cost could come from the resulting payoff loss
in the unmodeled tasks. It also incorporates the intuitive idea that the total amount of
attention being used at a given time is under control, not just their qualitative feature
(where the attention is directed).

Ideally, the model would incorporate both the idea that attention is scarce and that
there is some flexibility in its supply; that as more attention is paid, it becomes more expen-
sive. An approach that has been used in applications is to consider a distortion of the cost:
c¢(m) = f(Z(m)), where f is increasing and convex (see Paciello and Wiederholt [2011]).
The preferences implied by this model violate Separability in Orthogonal Decisions (see

the discussion following the axiom). Relaxing SOD is therefore a natural step in unifying
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the constrained and linear models, even if it does not lead directly to a characterization
of this distorted cost. In fact, the axiomatic approach would be even more appealing in
that case, for it could show that the more natural generalization (in terms of its preference

implications) may not be as immediately derived from the functional form.
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A Extension of DDMO

This section extends the result of DDMO to the larger state-space = [0, 1].

A.1 DDMO Axioms

The axioms of De Oliveira et al. [2013] are listed below for completeness. For a discussion,

the reader should refer to that paper.
Axiom 9 (Weak Order). The binary relation = is complete and transitive.

Axiom 10 (Continuity). Consider three menus F', G and H. The sets
{a€0,1]]:aF+(1—a)G=H} and {a€[0,1]:H > aF +(1—-a)G}

are closed.

Axiom 11 (Unboundedness). There are consequences x and y with x = y such that for all

a € (0,1) there is a consequence z satisfying either y = az+ (1 —a)z or az+(1—a)y > x.

Axiom 12 (Weak Singleton Independence). Consider a pair of menus F and G and a pair
of acts h and I'. For each o € (0,1)

aF+(1—-ah=aG+(1—a)h = aF+(1—a)h =aG+(1-a)k.

Axiom 13 (Aversion to Randomization). Consider a pair of menus F and G. For each
ac(0,1)
F~G = FraF+(1-a)G.

Axiom 14 (Dominance). Consider a pair of menus F and G such that for each act g € G
there is an act f € F with f(w) = g(w) for each w € Q. Then F = G.

A.2 Representation
A.2.1 Preliminaries

We first introduce notation and definitions that will be used in the proof.

e The state space Q2 = [0, 1] is endowed with the Borel o-algebra, denoted by B5.
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o We denote byA (£2) the set of Borel finitely additive probabilities on 2. Let B (£2) be
the set of Borel measurable and bounded real functions. We endow A () with the
weak™® topology o (A (2),B(€2)). Recall that in this topology a net (p,) in A ()
converges to p € A(Q) if and only if [&dp, — [&dp for every & € B (). The
topology makes A (2) a compact Hausdorff space. Endow A () with the Borel
sigma algebra B (A (Q2)) generated by this topology.

e Let C'(A(Q)) be the set of continuous functions real valued functions on A (Q),

endowed with the sup-norm.

e We denote by A, (A(£2)) the set of countably additive regular Borel measures on
A (). Endow A, (A (©2)) with the weak™ topology o (As (A (€2)),C (A (2))). A net
(ma) in Ay (A (2))
every n € C (A ()

converges to T € A, (A(Q)) if and only if [ndr, — [ ndr for
). In this topology, A, (A (€)) is compact Hausdorf.

e Fix p € A. We denote byII (p) the set of 7 € A, (A (€2)) such that
. @) atn =pE)
AQ)

for every E € B. Call m € I (p) a channel. The integral is well defined. To see this,
notice that for every event E the function p — p (F) is o (A (2), B (2))-continuous.
Hence, it is measurable. The set II(p) C A, (A (R)) is convex and closed (hence

compact).
e [F denotes the set of all menus.

To each F' € F, associate the function ¢p : A (Q2) — R defined as

pr(p) = max [ u(f()p(de) vp e AQ)

Because pp is the supremum of a finite number of continuous functions, it is continuous.
Let &p = {SDF :F e F}
A.2.2 Niveloids

Let ® be a subset of C' (A (2)). A function W : & — R is normalized if W (a) = « for every
constant function o € ®. It is translation invariant if W (¢ + o) = W (@) +a for all ¢ € @
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and a € R such that o+a € ®. It is a niveloid it W (o) =W (¢) < sup,ea(q) (¢ (p) — ¥ (p))
for all ¢, € ®. A niveloid is normalized, monotone and translation invariant (See Propo-
sition 2 in Cerreia-Vioglio at al. (2012)).

Proposition 1. Let & C C(A(Q)) be conver. A conver niveloid W : & — R can be
extended to a convex niveloid W : C (A (Q)) — R.

Proof. Proposition 4 in Cerreia-Vioglio et al. (2012). O

A.2.3 Information

Definition 7. Fix p € A (). Let m and p be two channels in I (p). We say that 7 is

more informative than p, denoted 7 > p, if

/ ¢(p) m(dp) > / ¢(p) p(dp)
A(Q)

A(Q)
for every ¢ € ®p.

Definition 8. Given a prior p € A (£2), a function ¢ : II(p) — [0, 00| is an information cost

function if it is lower semicontinuous and satisfies the following properties:
1. Grounded: c¢(m) = 0 whenever w({p}) = 1.
2. Convex: c(larm+ (1 —a)p) < ac(m)+ (1 — a)c(p) whenever 7, p € TI(p) and « € (0, 1).

3. Blackwell Monotone: c(p) < c(m) whenever 7, p € II(p) and 7 is more informative

than p.

A.2.4 Theorem
Theorem 2. The following statements are equivalent:
1. The preference relation = satisfies axioms 8-13.

2. There exist an affine utility function u : X — R with unbounded range, a prior p €
A (), and an information cost function c : II(p) — [0, 00|, such that the preference
> is represented by the function V : F — R defined as

V(F) = max l /A o ( /Q w(f (@) p(dw)) (dp) —c(ﬂ')] VF € F.

well(p) feFr
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A.2.5 Proof

The result is based on the proof of Theorem 1 in DDMO.

Claim 1. There exists an affine function v : X — R with unbounded range, a prior
P € A () such that the function

U = [ ulf @)dpe)
represents the preference > over F. Moreover, if (u,p) and (u/,p/) both represent = over
F then p = p/ and there exists & > 0 and 5 in R such that w =au + 8.
Proof. The proof in DDMO can be replicated verbatim. ]
Claim 2. For every menu F' there exists an outcome zp € X such that zp ~ F.

Proof. Because each f € F takes finitely many values, by monotonicity there exists out-
comes x and y such that = = f > y. Because F is finite, we can choose outcomes x and
y such that « > f > y for every f € F. By dominance, x = F > y. By continuity there
exists a € [0,1] such that ez + (1 —a)y ~ F. Let xp = az + (1 — a) y. O

Now we define a functional W : &y — R such that

W (pr) = u(zr)
for every menu F'. To show that W is well-defined, we need to prove that pr = g implies
F ~ G hence u (zr) = u(xzg). As in DDMO, the next two claims accomplish this.

Claim 3. Consider a pair of menus F and G. If o > g, then for each g € G there exists
f € coF (where coF is the convex hull of F') such that f (w) 77 g (w) for each w € Q.

Proof. There exists a finite partition P such that both all acts in F' and G are measurable
with respect to P. Restricting attention to P-measurable acts, the same finite-dimensional

argument in DDMO applies here. 0

Claim 4. Consider a pair of menus F' and G. If G C coF then F' 7 G.
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Proof. Let G = {g1,...,9x} and G C coF. The act g; can be written as the convex

g=> opf

fer

combination

Let G1 = Y pepayF. Then g1 € G1 and F' C Gy. Aversion to randomization implies
F ~ (1. Suppose that for kK < K there exists a menu Gy such that g1,..., 9 € G, F C Gy,

and F' ~ Gj. The act gr41 can be written as the convex combination

g1 =Y Bgg

9€Gy

Let Giy1 = deGk BgGr. Then F' ~ G ~ Gp41. By induction, there exists a menu Gg
such that G C Gk, FF C Gk and F ~ Gi. By dominance, Gg 77 G. Then F = G. O

We now show that if if o = g then F' ~ G. By claim 3, we can find a subset H C coF
such that for each g € G there exists h € H such that h(w) 77 g(w) for all w € Q. By Claim
4, F = H. By Dominance, H = G. Hence F = (. Similarly, G = F. Hence F' ~ G. The

result shows that W is well-defined and monotone.

Claim 5. The functional W is a monotone, normalized, convex niveloid.
Proof. The proof in DDMO can be repeated verbatim. 0

Claim 6. For each menu F,

W(pr) = max (pp,T) — c(T)
meIl(p)

where ¢ : TI(p) — (—o0, 0] is such that

c(m) = sup(pp,m) = W(pp) Vr € I(p).
FeF
Proof. By Proposition (1), the functional W extends to a convex niveloid on C (A (Q)).
Without ambiguity we denote the extension by W. Because W is a niveloid, then it is
Lipschitz continuous. By Lemma 25 in Ergin and Sarver [2010], the subdifferential of W
is nonempty at every ¢ € C' (A (2)). That is, for every ¢ € C (A (2)) there exists a signed
measure m = am — fv where «, f € Riand 7m,v € A, (A (2)) such that

(pym) =W (p) = (¢,m) =W(p) Ve C(A(Q)
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Because W is monotone and translation invariant, then we can take m = = for some
T € Ay (A(R)) (see Ruszezynski and Shapiro [2006]). Now let

W (m) = ;té%@wﬂ —W(er) Vme A, (A(K))

Fix ¢r € ®p. If 7 is in the subdifferential of W at ¢p then (pr, ) — W(pr) > (¢a, m) —
W (¢q) for every G € F. Hence W* (1) = (¢p, ) — W(¢r). Therefore

W(er) = . ﬂi’({m)@“ ) — W*(m)

We now prove that W (¢r) = max ) (pr, m) — W*(m). To this end, let W* (1) < oco.
Fix an act f = xFy such that u (y) = 0. Then

{pp,m) = W"(m) = U(fv)/ p(E)m (dp) = W* (m) < W (f) = u(z)p(E)

A(Q)
hence
. @ <5E)
A(9Q)
for every event E. Hence fA(Q)p (E)m (dp) = p(FE) for every event E. O

Claim 7. The function c is an information cost function.

Proof. Repeat verbatim. O

B Proof of Theorem 1

This section shows the sufficiency part of Theorem 1. The necessity of the axioms is left
to the reader.-

B.1 Some Technical results

B.1.1 Finite support channels

We now show that it is without loss of generality to restrict our attention to channels with

finite support.
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Lemma 1. Let F be a menu and w € I1(p) a channel. There exists a channel mp € 11 (p)

with finite support such that:
1. 7> 7w and

2. (or,m) = (pF,TF)

Proof. Fix a menu F'. It is without loss of generality to assume that there are no act f, g
in F' such that f (w) = g (w) for all w € Q. For each f € F, define the set of probabilities
for which f is the best choice:

Pf:{peA(Q): /u(f>dp>/u(g>dpvgeF}.

Py is a non-empty convex set; it is weak™® closed, hence weak® compact. Let m € II(p) be
a channel. For each f € F such that m (Pf) > 0, let py € A(§2) be defined as

by (E) = /P p(E) dr (p|Py)
f

for every event E. For every g € F', we have

[ oy :/Pf ([utan) amioiry) > /Pf ([ utordn) ar irp) = [ ulo)doy

hence py € P;.
Define a measure 7p € A, (A (Q2)) by 7p (pf) = 7 (Py) for every f € F. Let F} =
{f € F:m(Pf) > 0}. For every event E,

S o E)mp(pp) = 3 ( /P p(E)dw<p|Pf>>7r<Pf>= /A o P =5 (D)
f

feFy feFy

Thus, 7 € I1(p). Given any convex function ¢, we have

> o (ps)mr (py) Z@( f)/PQW(dq> <)Y Q)Z/A(Q)w(q)ﬂ(dq)-

feF feF, feF, Pf

23



This shows that m > wp. On the other hand, by the definition of 7p,

(orm) = 3 ( / f ([ utnan) dw(p!Pﬁ)w(Pf):%( | whdor) w00 = o).

JeFy

O

Corollary 1. For every menu F', there exists a discrete channel w € 11 (p) which is optimal

for F, that is, OV (F) N1 (p) # 0.

Proof. By Blackwell monotonicity of ¢, ¢(wp) < ¢(m). It follows from lemma 1 that

(pr,m) —c(m) < (pF,mF) —c(TF).

Let OV (F) = OpinV (F) N 1L (P).

B.1.2 Countable additivity and absolute continuity of posteriors

Axiom 15 (Monotone Continuity). Let (E,) be a sequence of events such that E, | (.

Then for all outcomes x > y and z there exists N such that for everyn > N,
zEnx =y and x ~ zEny

The axiom implies that the prior p is countably additive.

Proposition 2. Let m € I1(p) have finite support. Fiz p € supp(m). If p is countably
additive then p is countably additive. If p < X then p < A.

Proof. Let (Ey) be a sequence of events such that E,, | 0. Then p(Ep) = 3, upp(r) P (En) 7 ().
Because p (E,) — 0, then p(E,) — 0 for every p € supp (7). Similarly, if E is an event
such that A (E) = 0 then p (F) = 0 hence p (E) = 0 for all p € supp (7). O

B.2 Utility menus

Theorem 2 provides a utility function » : X — R. By composition, we may define, for
each act f € F, a corresponding utility act uwo f : 2 — R; we may think of this as a map

u* 1 F — By C R®, where By is the set of simple, Borel measurable functions from € to R.
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Conversely, Unboundedness implies that the image of w isR. Therefore, given any simple
Borel function f*: Q) — R, there exists an act f : 2 — X such that uo f = f%; think of
this as a map u, : Bg — F. Notice that given f, the utility act uwo f is necessarily unique,
but given f" there may be many acts f satisfying uo f = f*.

We may also define, for each menu F', the corresponding utility menu
uoF ={uof: feF}.
It is a simple corollary of Claim 3 that
uoF=uoG = F~Q(.

This means that the preference relation =~ is isomorphic to a preference relation =% over

finite subsets of By, defined by
FrG < uoF Z"uoG.
The following lemmata show why this is a useful translation:
Lemma 2. The following statements are equivalent:

1. 7 satisfies Singleton Independence

2. For every F“, G" finite subsets of By and h*,h'* € By, we have
Proof. Let F,G be menus and h, h’ be acts such that
uoF =2F" woG=2G" wuoh=2h"

Then
1 1 1 1 1 1 1 1
—F+—-h~r - —h —F+—-h| " = —h
2 +2 N2G+2 — uo(2 +2)Nuo<2G+2>

1 1 1 1
—qu—l—fuoh>fu0G+§u0h

—
2 2 ~ 2
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The proof of the converse is analogous. O
Lemma 3. The following statements are equivalent:
1. 7 satisfies Separability in Orthogonal Decisions

2. Let F“, F'* be P-measurable and G*,G"" be Q-measurable, where P is orthogonal to
Q. Then

Proof. The proof is analogous to that of Lemma 2.

B.2.1 Utility implications

Given the utility function for menus V', we may define a utility function for utility menus
V¥ by V¥ (uo F) =V (F). The following is a simple consequence of the niveloid properties
of V.

Lemma 4. V" satisfies

1. If F* is P-measurable and G is Q-measurable, where P and Q are orthogonal, then
VU(F'+GY) =V (F*Y)+ V" (GY)
2. If F* is a utility menu and h* is a utility act, then
VY (F"+ h") =V (F")+ (h",p)

The proof of this is a simple result of the niveloid properties of V. From now on, we

will only consider utility acts and utility menus, and the superscripts u will be omitted.

B.3 Linear cost

Let H be the set of acts that are irrelevant to the singleton {0}, that is,
H={heF:0~{0,h}}. (B.1)
Proposition 3. H satisfies the following properties:
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1. For any menu F. we have F C H if and only if 0 ~ F'U{0};
2. H is conver;
3. For every menu F, there exists an act g s.t. F —g CH and 0 € F;

4. H is symmetric: if o is a rearrangement and h € H then hoo € H.

Proof. (1) Let F = {f1,f2..., fn}. Suppose that FF C H. The result can be proved by
induction. If F' has one element, it follows by the definition of H. Now let F,, = F,,_1U{f,}
be of size n. By the induction hypothesis, we have F,,_1 U {0} ~ 0. Since f, € F,, C H,
it follows that 0 ~ {0, f,}. By IIA, we must have F,, U {0} = F,,_1 U{0, f,,} ~ 0, as we
wanted. To see the converse, note that 0 ~ FFU{0} 7 {f;,0} 7 0 for every f; € F.

(2) Let h,h' € H. By (1), we know that 0 ~ {0, h,h'}. Since {0,ah + (1 —«a)h'} C
co{0,h,h'}, it follows from claim 4 that 0 ~ {0,h,h'} = {0,ah+ (1 —a)h'}, so h +
(1—a)h e H.

(3) By linearity, for every F, there exists an act g such that g ~ F' ~ F'U{g}. Letting
F'=F — g, we have F' ~ 0 ~ F' U {0}, so we must have F' C H.

(4) Since 0 0o 0 = 0, we have, by Symmetry, that {0,h} ~ {0,h} oo ={0,hoc}. O

Now define
¥ (p) = sup/hdp.

heH
Let H = {O,hl,hg,...hn} CH.

Lemma 5. The cost function c is given by

c(m)=sup (¢oF,T).
FCH
0eF

Proof. Let F be any menu. By property (3) in Proposition 3 , there exists an act g such that
F—gCHand0€F. Since V(F —g) =V (F)— ¢y (D) and (pp_g,7) = (¢ — ¢y, T) =
(pp,7) — ¢y (P), we have

(Or—g,m) =V (F —g) = (¢pp,m) =V (F).
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Therefore
c(m)= sup (¢p,m) -V (F)= sup (¢r,m),

FCH FCH
0eF 0eF
since F' C ‘H and 0 € F' implies F' ~ 0. O

Finally, we can prove the linearity of the cost function.

Lemma 6. We can write c(r) = (¢, ), where ¢ : A () — R is given by

¥ (9) = sup / hdp (B.2)

heH

where H is defined as in (B.1).

Proof. For any menu F' C H, we have ¢r < 1, so that

c(m)= sup (¢pp,m) < (,).
FCH
0eF

To show the converse inequality, fix € > 0 and 7 € II (p) with support p1,...,p,. From the
definition of ¥, we can find hq, ..., h, such that

P (pz) < <hi,pi> + €.

Letting F' = {0, f1,..., fn} we have

c(m) = (op,m) =D (hipi) m > (¥, ) —€.

7

Since € was chosen arbitrarily, this shows that ¢ (7) > (¢, ), which completes the proof. [

B.3.1 Properties of ¢

The remainder of the proof consists of showing properties of 1 that will imply that it must

be given by the entropy reduction, that is,

1 dp
P (p =/ log —dp,
(») 0 dp
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This section shows some of the more immediate properties of .
Lemma 7. The following properties hold:

1. 9 is convex

2. v is lower semi-continuous in the topology of A (SY), that is, if [&dpa — [&dp for
every £ € B(Q), then liminf v (py) = ¥ (p).

3. When restricted to densities, 1 is lower semi-continuous in the L' norm.

Proof. (1) follows from the fact that wis the supremum of linear functions. To prove (2),
fix h € H. Since every utility act is in B (2), we have [h dp, — [ hdp. Now, for any
€ > 0, there exists h € H such that ¢ (p) < [ hdp + e. Therefore,

lim inf v (py) >liminf/hdpa:/hdp>¢1(p)—e.

Since this holds for all € > 0, we have (2). The proof of (3) is analogous. Just note that

since every act h is bounded, [ hdp is a continuous function of p in the L' norm. O

B.4 Convergence in H

Lemma 8. Let (E;),cy be a sequence of events of [0,1] such that p (E;) — 0. Then there

exists a subsequence (E;) such that, if we define

jENY
o

Dy = |J E;,
=k

we still have p (Dy) — 0.

Proof. Just take Ej; such that p(E}j) converges to zero fast enough so that >>;p (Ej) con-

verges. ]

Now let [ fllz = [|f] dp.

Lemma 9. Let {f,},2, be a sequence of measurable functions such that | f, — f||17 — 0
. Then there exists a subsequence fr and a sequence of sets Dy such that D1 O Do D ...
satisfying p (Dy) < 1/k and

sup [fi ()~ £ ()] < 7.

wé Dy,
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Proof. Let E,, (t) ={w: |fn (w) — f (w)| > t}. Then

an - f”fp 2 tT) (En (t))

and

sup | fn (w) — f(w)] < 2.
WEEn(t)

For each k € N take ¢t = 1/k and choose ny large enough so that

p(Bu (7)) <kl — Sl < 7

We may then take another subsequence of nj so that the same inequality holds for Dy =
2 B O

Proposition 4. Let || f, — leT7 — 0, where f, and f are simple acts. If f,, € H for all n
and fn, =y for somey € R, then f € H.

Proof. Suppose that f ¢ H, that is, {0, f} > 0. By Lemma 9, we may assume that

sup [fi (@)~ (@)] < 1

wg Dy

where Dy D Dy D ... satisfies p (D) < 1/k. Since the set (", Dy is null, there exists a k
such that {0, fDry} > 0. Taking an even larger k, we can guarantee that {0, fDpy — %} -
0. But since f; dominates fDyy — 1/k, we must have {0, fx} > 0, contradicting the
assumption that f, € H. O

B.5 Representing partitions

This section introduces an alternative way to represent partitions through functions.

Definition 9. An indexed partition is a measurable function 6 : Q@ — {1,..., I}, where

I € N. 0 is an indezation of a partition P if it satisfies 055" (i) € P for i = 1,...,I.

When 6 is an indexation of P, it assigns an index to each event in P. When we write
P ={FE,...,Er}, we are implicitly assuming a function associating each set in P to a label
in {1,...,I}, which defines uniquely an indexation of P, given by 6~ (i) = E;. It should

be noted that, given a partition P, there may be multiple functions 8 that are indexations
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of P. In fact, if 7 is any permutation of the set {1,...,1} and 6 is an indexation of P, then
T 06 is also an indexation of the same partition P. It is easy to see that this exhausts the
class of all indexations of P: the indexation is unique up to a permutation of the image.
The notion of indexation is useful because, as we will see, we can think of the set
{1,...,I} as a (finite) state space, and 0p provides an “embedding” of the finite state
space {1,...,1} in Q. This will allow us to use some results for finite state spaces when

we restrict attention to P-measurable menus.

B.5.1 Acts and menus

The notions of measurability naturally translate to indexed partition: If 6 is an indexation
of P, then f is P-measurable if and only if there exists a unique function f; : {1,..., I} - R
such that f = f; o 0. The function f; will be called the factorization of f through 0.

Letting Fy C F denote the set of acts that have a factorization through 6, we can define
an invertible function Ty : Fy — R! associating the factorization of f through @ with each
act f € Fy. With some abuse of notation we will also denote by Ty the function that takes
a menu F C Fy to the finite subset of R! of the factorizations of F.

The map Ty associates the restriction of the preference 7~ to the menus contained in Fy

with a preference g over finite subsets of R, defined by
F i: G = TyF ?\:9 TyG.
This defines a utility function Vy over finite subsets of RY.

B.5.2 Induced Preferences

Suppose that Q is a rearrangement of P, that is, there exists a o : 2 — 2 such that, for
every D; € Q there exists an E; € P such that D; = o' (E;); in short, @ = 0= o P.
Symmetry guarantees that the preference = restricted to P-measurable menus is isomorphic

to the restriction to Q-measurable menus: if /' and G are P-measurable, then
FrG < FoozGoo,

and F' oo and G o ¢ are Q-measurable. The correspondence F — F o ¢ is a bijection

between P-measurable and O-measurable menus.
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Given 6 : Q — {1,...I} an indexation of P, the function # o ¢ is an indexation for Q.
Therefore, the rearrangement o defines a map from the indexations of P to the indexations
of Q. By the argument above, the preference 7~y induced by @ is the same as the preference
induced by 6 o 0. If #' is any other indexation of Q, there exists a permutation 7 of
{1,...,I}such that § = Tofoo. Therefore, -y is equivalent to 7., up to a permutation
of {1,...,I}.

B.5.3 Interval partitions
Here we use the particular structure of the interval [0, 1].

Definition 10 (Interval Partition). A partition P = {E1,..., Er} is an interval partition

if its events are intervals in [0, 1].

The following lemma shows why it is without loss of generality (given the assumption

of Symmetry) to restrict attention to interval partitions.

Lemma 10. Let P be any partition. There exists an interval partition Q and a rearrange-
ment o : [0,1] — [0,1] such that Q = o o P.

Proof. Let 6p :[0,1] — {0,...,I} be an indexation of P. The decreasing rearrangement H;L;
(see Appendix C.1 for the definition) is a decreasing function, so it represents an interval
partition Q. By Lemma 2 in Ryff [1965], there exists a rearrangement o : [0,1] — [0, 1]
such that 6p = 97% oo, that is, @ = o o P. O

By Lemma 10, to characterize the preference 7 restricted to P-measurable menus, we
may as well look at the preference - restricted to the interval partition @ = o~ ! o P. In

this sense, this restriction is without loss of generality.

B.5.4 Relations between indexations

Suppose that Q@ = {Dy,..., Dy} is finer than P = {Ey,..., Er}. In particular, J > I. If
0o and Op are indexations for them, there must exist a function 7' : {1,...,J} — {1,...,1}
such that p =T o fo.

An interesting particular case is when P and O are orthogonal equipartitions, and we
consider their join P V Q. In that case, an indexation of P V Q is given by the ordered
pair (0p,fg) : @ — I x J, where 0p is an indexation of P and fg is an indexation of Q.
The transformation T that solves 8p = T o (6p,0¢) is then just the projection of the first
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coordinate of I x J. We may refer to it simply as 77 and write p = 17 o Opyg. Likewise,
we write g = Ty 0 Opyo.
B.6 Symmetry

This section explores some further consequences of the Symmetry Axiom. The results
here essentially translate the more general results in Appendix C.2. We start from the
observation that the set of rearrangements X is a group, which acts linearly on the set of

acts, menus, probabilities and channels.

B.6.1 Induced symmetries

We start by stating explicitly the nature of the actions of ¥ over various sets, and the

relationships between them.

Definition 11. Given a permutation o and a probability distribution p € A (), let
poo € A() be defined by poo (B) = p(o(B)), for every measurable set B C . For a
channel 7, we define o, by

oxm (P)=m (0_1P>

for every measurable set P C A (Q).

Under these definitions, the following change-of-variables formulae hold:

/Olfoad(poo):/olfdp and /A(Q)goo'dﬂ':/A(Q)éd(o'*ﬂ')'

Thus, if f is an act, the expected value of f under p is the same as the expected value of

f oo under poo. Given a menu F, we have

1 1
PFos ©0 (D) = Pros (po o) = r}lgg/{) food(poo) = rj{lgg/g fdp=¢r (p).
In particular,
<¢Foa,0*7r> = <¢FOO’ °co, 7T> = <¢Fa 7T> .

Definition 12. A function £ : A () — R is symmetric if £ (oxp) = & (p) for every rear-

rangement o.
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B.6.2 Symmetric information cost

Lemma 11. Under the DDMO axioms, the Linearity axioms, and Symmetry, i is sym-

metric.

Proof. Let ¢ be measure-preserving. Note that, by symmetry of H,

Y (op) = sup (h,op) = sup (ch,op) = sup (h,p) = (p).
heH heH heH

O

The analogous result can also be proven more generally for the cost function ¢, without

using the Linearity axioms.
Corollary 2. Under the same axioms, if 1 € OV (F'), then o,m € OV (F o o).

Proof. Simply write

V(FOU) = V(F) = <¢F - ¢,W> = <¢Foa *1/}00_170*71'> = <¢Fog *1/%0'*77»

B.6.3 Canonical partitions

It is convenient to assume that the prior p is the uniform distribution over [0,1] (the
Lebesgue measure). In fact, this can be done without loss of generality: by Theorem
3.4.23 in Srivastava [1998], there exists a Borel isomorphism 7 : [0,1] — [0, 1] such that
A(B) =p (71 (B)) for every Borel subset B of [0, 1]. In what follows, we will assume that
P is the Lebesgue measure.

We will restrict attention to acts and menus that are measurable with respect to a very

particular class of partitions, the canonical partitions.

Definition 13. Given a number I € N.% the canonical I-partition of [0, 1], is the equipar-
tition given by the events F; = (%, %] fori=2,...,1 and F; = [O, H An act (or a
menu) that is measurable with respect to this partition will be said to be I-measurable. A

canonical act (or menu) is one which is I-measurable for some I € N.

SWithout creating confusion, we may let I also denote the set {1,...,I}.
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B.6.4 Rotations

The collection of all rearrangements of [0,1] (with the uniform prior), denoted by X, is
a group under composition. From it, we can define a group action on the set of acts,
menus, measures and channels, by f oo, F oo, op, and .7, respectively. When working
with interval partitions, two subgroups of this larger group of transformations will be used:

rotations and finite permutations.

Definition 14. A rotation is a transformation o : [0,1] — [0, 1] such that o (w) = w + 7
(mod 1) for some r € [0, 1], that is,

) w+r fw+r<l1
o(w) = .
wH+r—1 fwt+r>1

The group of rotations of [0, 1] is a compact topological group.” The Lebesgue measure

A over [0, 1] is the invariant measure under this group, see Definition 23.

Definition 15. Given a canonical and a canonical equipartition and an r € [0, 1] we may

define a “rotation” o; that only affects the points in the cell E;:

w if 0 (w) #1i
oi(w)=Jw+7% ifO(w)=i=0(w+7%)
wt (W) =i =0 (wt )

The group of I-rotations is then simply the product of the groups of rotations for each cell
of the I-partition; it is denoted by R;. It is also a compact topological group and its Haar
measure is the product measure: given sets R (E;) C [0,1] of rotations affecting only E;,

the Haar measure of R (E1) X --- x R(ET) is the product of their Lebesgue measures.

This group acts on the set of acts, menus, probability measures and channels. Note

that an act is I-measurable if and only if it is invariant with respect to Rj.

"This group is known as the circle group, and it is usually denoted by R/Z or S1. Its topology is the
topology of the circle, which is the same as the topology of [0,1] except at the endpoints, which may be
identified.
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B.6.5 Symmetrizations in F

Given a function f € L'[0,1] we may use the group R; to define the I-symmetrization of
f (see definition 25), denoted by S;f. To understand this, first look at the group Ri—
the group of rotations of the trivial partition. Then f or(0) = f (r), which means that
[g, for (0)dr = fol f(r) dr. In fact, for any w € [0, 1], we have [, for (w)dr = fol f(r)dr:
the symmetrization is the expected value of f in [0, 1].

For general I, the I-symmetrization of f is the act that gives, in each cell, the expected
value of f in that cell: for w € F;,

ij(w):/RIfor(w) dr:I/RIfor(w) dr = E[f|E;].
Note that S;f is I-measurable.

Lemma 12. If h € H, then Sth € H.

Proof. Since H is symmetric, we also have h o o € ‘H for any rearrangement o. The set
C={hor:reRys}

is bounded in the supnorm, since h is a simple act, and Syh is the barycenter of the measure
over C induced by the Haar measure of R;. Considering C as a subset of L', Corollary
1.2.3 in Winkler [1985] implies that Syh belongs to the closed convex hull of C. Therefore,
we can take a sequence of acts in the convex hull of C converging to Sth, which is an act.
Since C' C ‘H and H is convex, the convex hull of C' is contained in ‘H. Lemma 4 implies
that Sth € H. O

B.6.6 Symmetrizations in A (Q)

If a belief p € A(Q) admits a density, the symmetrization of p is simply the measure

resulting from the symmetrization of the density.

Definition 16. Say that p is uniform when conditioned on the I-partition if p has a density

function which is measurable with respect to the partition.

For all p € A (), the symmetrization Srp of p is uniform when conditioned on the

I-partition. This follows from the fact that S;p must be invariant with respect to Rj.

Lemma 13. For any p € A (Q), we have ¢ (Sip) < ¥ (p).
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Proof. Given any h € H, we have (h, Stp) = (Srh,p). By Lemma 12, S;H C H, so that

Y (p) = sup (h,p) = sup (Srh,p) = sup (h, Sip) = ¢ (Srp) .
heH heH heH

O

Remark 1. When p admits a density, this lemma can also follow from the Schur-convexity

of 1, as the density of p majorizes the density of Sip (see C.1).

Lemma 14. Let p admit a density and consider the sequence I, = 2F for k € N, then
Y (Sr,p) = ¥ (p) as k — oo.

Proof. We may omit the subindex k in the proof. Let j—g denote the density of p. For any
e >0, let h € H be such that ¢ (p) < (h,p)+e. Recall that Srp is a measure whose density
is given by F [%’\\9 1}, the conditional expectation with respect to the algebra generated by

the partition of cardinality I. The sequence (E [%W;DIGN is a martingale converging to

g—’; in ! (the convergence also follows from direct computation). Since h is bounded in the
supnorm, (h, Srp) — (h,p) as I — oo, so that ¢ (p) < (h, Stp) + 2¢ for I sufficiently large.
By Lemma 13, (h, Sip) < ¥ (p) < (h, Sip) + 2¢ for all I sufficiently large, which gives the

result. O

B.6.7 Symmetrizations in II (p)

Though S;f and Srp could be defined without using groups, the definition of Sym for
7 € I1(p) would be more difficult. Indeed, S;7 has to be an invariant measure with respect
to the action of R; on m—it must put the same probability on an event P and the action
of 0 € R; on that event o P. So while 7 is discrete, S;m need not be, since there are
uncountably many ¢ € R;. On the other hand, we may define the uniformization of =,
given by

U (P) == (5;1P) .

Notice that Urm (SfA) =« (Sl_l o SIA) = 1, so the support of Urm is contained in the
image of S;. In particular, every p € suppUrr is uniform conditional on the I-partition.
Moreover, if 7 is discrete so is Uy.

Intuitively, when facing an [-measurable menu, the decision-maker should not have

an incentive to acquire information about the relative likelihood of subevents of an event
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FE;. In other words, the posteriors should be uniform when conditioned to E;. It is per-
haps surprising then that the Blackwell monotonicity of the information cost function is
not enough to guarantee this. The next lemma shows that the intuition is correct when

Symmetry holds.

Lemma 15. Let F' be I-measurable. Then there exists a m € OV (F) such that every

p € supp (m) is uniform conditional on the I-partition.

Proof. The cost function ¢ () = (¢, m) is Blackwell monotone. Since ) is integrable we can
extend c¢ to all countably additive measures . By Proposition 7, we have that Syw > Uy,

so Blackwell-monotonicity implies that ¢ (7) = ¢ (Sr7) > ¢ (Urm). On the other hand,

<1/1,517r>_/RI <w,r*w>dr—/m oramhdr = [ (worm)dr = ().

Ry

This shows that (¢, m) = (¢, Urm).
Now we can show that Ujm achieves the same utility as w. Indeed, since F' is I-

measurable, we have S;pr = @p. Therefore,

(pr,m) = (Srpr,m) = (¢F,Urm).

B.7 Moving to finite dimension

By the result of lemma 15, for a I-measurable menu F', we may restrict the set OV (F)
to only those m such that Uymr = m; doing so is without loss of generality, in the sense
that the value in the maximization in the representation remains the same. Therefore, if
we restrict attention only to I-measurable menus we may transform the problem into one
with a finite state space. More precisely, we may define a bijection between the objects in
the representation with the state space [0, 1] that are I-measurable and objects in a finite

state space I:

1. To each I-measurable act f : [0,1] — R we may associate its I-factorization fr : I —
R, defined by f; (i) = f (w) for w € Ej;

2. To each menu F' we associate the menu F7 of its I-factorizations;

3. To each posterior uniform within each E;, we may associate a p; € A (I);
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4. The prior p will be associated with the uniform distribution on A (I);

5. To each m € II (p), we may associate a 7y € Il C A (A (1)), with expectation given
by the uniform p;

6. We may define a new utility function V; defined over finite subsets of R, by V7 (Fj) =
V (F);

7. Given p;y € A(I), let p € A(Q) be uniform when conditioned on the I-partition
satisfy pr = Trp. We define ¢y : A(I) — R by ¢r (pr) = ¢ (p).

Moreover, these finite-dimensional problems are related. Since each act f which is I-
measurable is also I x J-measurable, we may consider f; as an act fr: I x J — R.

Let T7 : Q — I be the embedding of the canonical I-partition and let
’H[:{h[:I—)RI V]({O,h[}):()}.

Lemma 16. H; =T (S/H)

Proof. Let hy € H;. Then there exists an I-measurable act h : Q — R such that h; = T7h.
Now
V ({0,n}) = Vi (T {0, h}) = Vi ({0, 1}) =0,

so that h € H. On the other hand, if h € H is I[-measurable, then S;h = h (since Sy is
idempotent), so that S+ C H is the set I-measurable acts in H. O]

Therefore, H is the set of I-factorizations of the I-measurable acts h € H. It is easy

to see that, if p is uniform when conditioned on the I-partition, p = Syp and

W (p) = sup (h, Syp) = sup (Sth, Sip) = sup > hy (i) pr (i) = 47 (pr)
heH heH hietr

Lemma 17. H is a closed, convex subset of RY.

Proof. Convexity follows from convexity of . Since H; contains all the points dominated
by any given point, it must have a non-empty interior. Now take any two utility acts h
and h'. The set

{a: 07 {0,ah+(1—a)h'}} ={a: ah+ (1 —a)h' € Hy}
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is closed by Mixture Continuity. If we take any point A in the boundary of H; and A’ in
its interior, we will have that ah + (1 — ) b’ belongs to H; for all a € [0, 1); this implies
that it also holds for &« = 1, so h € H;. This proves that H; is closed. O

B.7.1 Subgroups of permutations

From now on, we will consider the problem transformed to a finite state space. The set of
permutations of states correspond to the set of all rearrangements preserving the partition;

all the groups that we will consider will then be finite subgroups of this one.
Definition 17. Let X be a subgroup of the permutations of I. An I-menu F'is 3-symmetric
if

feF = fooeF

for all o € 3. It is symmetric if this is satisfied for the group of all permutations S.

In other words, F' is symmetric if it contains all permutations of its acts. Given any
I-menu H C H; and permutation o, we have that H oo C Hy as well and thus, by ITA, so
does the menu M (H;X) defined by

M(H:;X)=|J)Hoo CH.
ceY

Definition 18. ¥ is transitive if for any ¢, € I, there exists a ¢ € 3 such that o (i) = ¢'.

Lemma 18. If ¥ is transitive, the symmetrization S (f; %) of any f: I — R is given by
S(f Z (i
z rel

Definition 19. Given a function f : I — R, the orbit of f under X is the set
Orby, (f) ={foo: ceX}.

Given a channel 7, define S (7; %) to be the symmetrization of = with respect to the

group 2, that is,
B 1 1
~ =

Z (B.3)



That means that S (7; %) puts the same probability on each permutation in ¥ of any
given p, while still putting the same probability on the whole orbit as 7. When 7 = ¢, for
ap e A(Q), we write directly S (p; X) instead of S (d,; X).

Lemma 19. Let H C H be I-measurable and such that 0 € H. If # € OV (H), then
€ IV (H?®) and (3, ) = (¢, 7°).

Proof. We have, for any o € Yy,
V(HS) =0= V(H) = <¢H - 1/}77T> = <¢HOO’ —¢;U*7T> < <¢H5 _¢70—*7T>7

which implies that o.m € OV (H?®). Since OV (H?) is convex, we have 7° € 9V (H?).

That m and 7° have the same cost follows from the second equality in equation (B.3). [

Given a I-measurable p € A, define the channel 7, to be the uniform distribution over
Orb (p). Since

! LI A
<|zzr 2. ap) () = 2pt) =1

UEE[

mp is a well-defined channel.
Proposition 5. Let h € H be I-measurable and satisfy

1. If b € H dominates h, we must have h = I';
2. M(h,S1)U0~0
Then there ezists a p € A such that m, € OV (M (h,X1)) and for all ¢ € A,

V(M (h,%r)) = (h,p) = (p) = max (h,q) — ¥ (q) (B.4)

Proof. For convenience let H = M (h,X;). Take any 7 € 9V (H) and take p € supp (7).
We have

V(H) - <()0H_¢77r>
- <90H _@/}75(”’2]))'

But we can represent S (w,X) by the formula
S(T{',E[) = ZW(OTb(p))S(p7EI)7
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where the sum ranges over a set containing a single representative from each orbit. Since

the cost is linear, we must have

V(H)=>_ 7(0rb(p)) (er — ¥, S (p, 1)),

but since S (p, ¥1) is a channel, we must have V (H) > (¢g — ¢, S (p, X)) for each repre-
sentative p, so that in fact all must hold with equality. In other words, for each p € suppm,

S (p,Xr) € OV (H). Choosing the representative p that maximizes (h, p), we also have

V(H) = (h,p) =9 (p) = rqneaAX<h,q> - (q)

B.7.2 Product subgroups

We now consider the finite state space I x J. One subgroup of permutations, denoted
Y7, is given by the permutations that do not affect J, that is o € S;xj such that the
J-coordinate of o (7, j) is j. We will denote by ¥; x 37 the subgroup generated by ¥; and

> 7. This subgroup is transitive, see Definition 18.

B.8 Separability

Let 0 : Q@ — I x J be an interval equipartition; we can write 6 as resulting from two
partitions: 67 : Q — [ and 05 : Q — J, so that § = (01,07).

Definition 20. Let py, ¢s factor p,q € A through 0; and 0, respectively. The belief p x ¢
is the belief factoring through 6, with the factorization given by

pxq(i,5) =pr (i) qs (j)-
The purpose of this section is to prove the following lemma;:

Proposition 6. Let p be I x J-measurrable and let p;r be the marginal of p on I and py
be the marginal of p on J. Then v satisfies the following properties:

1. (Subbaditivity) 11« (p) = ¢r (pr) + ¢ (ps);

2. (Additivity) Y1 (pr X ps) =1 (pr) + ¥ (ps).
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B.8.1 An inequality

The first step is to prove the following inequality:

Lemma 20. Let hy € Hy and hy € Hy. If we let pr and py be the solutions of equation
(B.4) for hy and hy, respectively, then

Yrxg (1 x pg) = V1 (pr) + ¢ (pg) -
Proof. We have
V(hi+h5) = (hr+hs,pr xpg)— ¥ (pr x py)

= (hr,pr x pj) + (hy,pr xps) =¥ (pr X pJ)
= (hr,pr)+ (hg,p5) — ¥ (pr X D7)

The symmetrizations hj (with respect to 6;) and h% (with respect to 6;) satisfy the con-
ditions of Separability, so

V (ki +h3) =V (h}) +V (7).
But by our choice of p; and py, we have

V(h}) + V() = (hr,pr) = 4 (pr) + (b, ) — ¢ () -
Combining these three, we obtain the result. O

B.8.2 Superadditivity

Lemma 21. Let g € H be P-measurable and h € H be Q-measurable, where P and Q are
orthogonal equipartitions. Then g + h € H.

Proof. We know that G = {0,¢9} ~ 0 and H = {0,h} ~ 0 are orthogonal menus. By
Lemma 3,
G+H~0+H=H~QO.

Since

0=2{0,9+h}~{0,9,h,g+h} =G+ H ~ 0,

we must have that {0, ¢ + h} ~ 0, which proves the result. O
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Let g,h € H. By Lemma 12, we know that S7x g and Sy sh are in H, as well as S7g
and Syh. Now let G = M (Srg,%) and H = M (S1h, X ).

Yixg(p) = sup (Srg+ Ssh,p)

g.he€Hrx g

= sup (Srg,p)+ sup (Ssh,p)
9gEHI% T h€Hrxs

= sup (S1g,S1p) + sup (Ssh, Srp)
geEH heH

= ¢Yr(pr)+ s (py)

B.8.3 Irrelevance of Orthogonal Flexibility

Let F factor through #; and G and H factor through ;. Recall that G factors through

0, with the factorization given by the acts
Gl={h:IxJ—=R: h(i,j) =gi(i,j), g € G}.
Now, since G C G! and H C H', we have that
F+G+HCF+G+H CF+G'+H' ~F+G+H,

which implies indifference of all these menus, by preference for flexibility (which is implied

by dominance). Therefore, we have

V(F+G+H') =V (F+G+H)

peIg\%(G) () = we&r‘r/l(af?“{-i-G) () = wearxlfl(aﬁa) (Gr1,m)

Now suppose G = ¢° has a unique optimal channel, which has to be the uniform
distribution over the J-permutations of some p;. The equation above shows that, for

every menu H such that

B.8.4 Additivity

Let f € H; and suppose that there exists a unique solution p € A (I) for the problem (B.4).
Likewise, let ¢ € A (J) be the unique solution for the act g € H;. Letting F' = S (f;X)
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and G = S (g;27), we see that {m (p;X7)} =0V (F) and {7 (¢;2,)} = 9V (G).

Now extend F' and G to the product partition indexed by I x J, so that F' and G
are measurable with respect to orthogonal partitions. Then F' 4+ G is X X ¥ j-symmetric
and so is OV (F + G). Therefore, given any r in the support of some p € OV (F + G), we
must also have 7 (r; X7 x X5) € OV (F + G). We will now show that m (p x ¢; X1 x X) is
optimal for F' + G.

To see this, suppose first that OV (F' + G) is a singleton p = 7 (r; X7 x X ). Letting
H = S (h;X;) be J-measurable, we have that (¢, p) = (¢p1,p) for every menu H. By

Lemma 29, this can only be the case if r = p X q.

B.9 Entropic Cost

Aczel-Forte-Ng prove the following result:

Theorem 3. [Aczel-Forte-Ng] If 11 satisfies Symmetry, Additivity and Superadditivity,
then there exists a constant a > 0 and a function A : N — R such that

Yr(p) = —aHr (p) + A(I). (B.5)
Proof. Follows by applying Lemma 5 in Aczél et al. [1974]to —1. O
Corollary 3. If ¢ satisfies Symmetry, Additivity, Superadditivity and
_ 1 1
wl(pl) _’QZ}I <I,’I> =0
then there exists a constant a > 0 such that
Y1 (p) = a(H; (pr) — Hi (pr)) -

Proof. Evaluating equation (B.5) at the uniform prior, we obtain A () = aHy (p;). O

For p uniform with respect to the I-partition, we have that ¢ (p) = ¢ (pr) and H (p) =

Hj (pr), so the results prove that the cost function is given by

c(w)=<w>=a/<H<p>—H<p>>w<dp>,

45



where a > 0 is a constant. Since multiplication by a constant does not affect the represen-
tation, we may assume without loss of generality that a = 1. This concludes the proof of

Theorem 1. By Lemma 14, v is given by this formula for any p that admits a density.

C Mathematical Appendix

C.1 Majorization

Given any function f € L'[0,1], we may define a right-continuous and nonincreasing
function m : R — R by
m(t) =A{w: f(w)>t}.

This function can be inverted, using the formula

fi(w)= sup t.
m(t)>w

The decreasing function f| is called the decreasing rearrangement of f. This name is

justified by the following lemma (for a proof, see Lemma 2 Ryff [1965])

Lemma 22. To each f € L'[0,1] there corresponds a measure-preserving o : [0,1] — [0, 1]
such that f = fioo0.

Definition 21. Let f,g € L'[0,1]. We say that f majorizes g, denoted f > g, if, for all
w € [0,1], we have

| e [Cowa
with equality for w = 1.

The following is a standard result in the theory of majorization (see Marshall et al.
[2011])

Lemma 23. If ¢ : L'[0,1] — R is conver and symmetric, then & is Schur-convex, that is,

f>g9 = &(f)=¢&(9).

C.2 Topological groups

Definition 22. A group is a set G where we define a function g - h of two arguments

g, h € G, taking values in G and satisfying the following properties:
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Log-(h-i)=(g-h)-i
2. There exists an element e € G such thate-g=g-e=g

1 1 1

3. For every g € G there exists an element ¢g~* such that g- g7 =¢~ " - g =e.

A topological group is a group G together with a topology on G such that the functions
h— g-h (for g € G) and h — h~! are continuous functions from G to itself.

For the remainder of this subsection G will denote a topological group.

C.2.1 Invariant measures

Definition 23. A measure p over the Borel subsets of G is said to be left-invariant if
w(gE) = u(E) for all g € G and E a Borel subset of G. Equivalently, for every f : G — R

integrable,
[ F@uts) = [ 1hg)ndo).
G G
w is right-invariant if p (Eg) = p (F) and it is invariant if it is both left and right-invariant.

The existence of an invariant probability measure is guaranteed if the topological group
is compact Weil [1965], in which case it is unique. When G is a finite group, the uniform

distribution is the invariant measure.

C.2.2 Group actions

Definition 24. Let X be a set and G a group. A group action is a set of functions
f X — X, that is a group under composition. We say that G acts on X if there’s a group
action which is isomorphic to G. In this case, we can denote the functions f (z) by gz,
where g € G.

If X is a vector space, we say that G acts linearly on X if

g (ax + By) = agzr + Bgy

forall z,y € X , o, € Rand g € G.
Example 1. Let X be a set and let G act on X. Then
1. We can define a linear action of G over the set of functions f : X — R, defined by

gf (z) = f(g92)
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2. We can define an action of G over subsets of X, defined by gA = {gz : = € A}.

3. If (X, X') is a dual pair and G acts linearly on X, we can define an action over X’

by imposing, for all x € X,
(z,2") = (gz,g2").

In particular, if X is the space of bounded Borel-measurable functions over a set,
this defines an action over the set of countably additive measures over that set,

characterized by gu (9B) = p (B) for all Borel sets B.
4. If Y C X is such that gY C Y for all g € G, then G acts on Y by simply taking the
restriction of the group actions to Y.
C.2.3 Symmetrization

Here, suppose that G is a compact group that acts linearly on the vector space X. Integrals

over (G are always going to be using the Haar measure of G.

Definition 25. Let x € X. The G-symmetrization of x is defined by

S(;x—/gx dg,
G

where the integral is the Bochner integral, see Aliprantis and Border [2006].We call the
map Sg : X — X the G-projection.

Lemma 24. For any g € G, we have ¢S (x) = Sgx.

Proof. Fix x € X and let L : X — R be a linear function. Then we can define a function
f:G—=Rby f(g9) =L (gz), so that

L(gSe ()] = L[ /G ghxdh}

- /f(gh)dh
_ / "
L[Sgx].

where the third equality follows from the left-invariance of the Haar measure. O
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Lemma 25. Sg is idempotent, that is, Sg o Sg = Sg-

Proof. Using the result from the previous lemma, we have, for every x € X,

Six = / ¢ (Sex) dg

G

= Sax dg
G

= Sgx.

C.2.4 Uniformization

Beyond the assumptions of the preceding section, suppose also that X has a topology.

Definition 26. Let G act linearly on X and define the action of G on the functions
f: X — R and the Borel measures p € ca (X) as in Example 1. The G-uniformization of
f and p, denoted Ug f and Ugp (abusing notation) are defined by

Uaf (x) = [ (Saz)  Uap(B) =p(S5'B).

Thus, the following formula is satisfied:

(Uafim) = (f,Ugn) .

Lemma 26. Ug is a projection.

Proof. We have

V&S («) = Usf (Saz) = f (Sta) = f (Saz) = Uaf ().

Likewise,

Uép(B) = p ({a; . Séa € B}) =pu{z: Sqgr € B}) =Ugp.
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C.2.5 Convex order

Let & denote the set of all continuous convex functions ¢ : X — R. The convex order over

measures is defined by

B Zex ) = /@du>/<ﬂdn,vw€¢>-

Proposition 7. Let m € ca (X). Then Sgm > Ugm.

Proof. Let ¢ : X — R be convex. By Jensen’s inequality,

Ucw(w)=w</cgﬂ:dg)</G<p(gﬂf)dg=ScsO(w)-

Now

<SG(70> 7T>
<UGSO> 7T>
<903 UGﬂ—> .

<907 SG7T>

WV

C.3 Other projections

Here I will consider a finite state-space of the form I x J. M denotes the group of permu-

tations over I alone. Define T} : Riﬁj — Riﬁrj by
. 1 .
(TMCL‘) (Z’]) = m Zl‘ (k;’]) )
k

that is, Ths is the symmetrization with respect to M. I also define

(Tyz) (i,4) = = (k, ) Taw= ﬁ

Lemma 27. For all x € Riﬁj, we have

1
1|

I
Z Trx

k=1

Tyx =
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Proof. We have

I
(ZT;@) i,7) :7 Z (k,j) = (Tmz) (1, 5) -

O

Lemma 28. Let z;, € X and ag € Ry4 and let x = ), oy, If for every convex, H1

function ¢,

> awd (z1) = ¢ (x),
k

then Thary = Thzo = ... = Thx.

Proof. Suppose not; without loss of generality Taz1 # Tax, that is
x1 ¢ Ry ={tr: te R ;}.
Since R, is convex, there exists a separating hyperplane y such that
(21,y) > a > (tz,y)
for every ¢t € Ry . Thus, we must have that (z,y) < 0 and we may take o = 0. Now let
¢ (2') = max {(z,y),0}.
Then ¢ is convex and H1, ¢ () = 0 and

Zakqb (xk) > Oélgf)(l‘l) > 0.
k

O]

Lemma 29. Let 7 be a positive discrete measure over Rﬁ_ﬁ_‘]. Suppose that for every conver,
H1 function ¢ : R — R we have

/ l‘; > ¢ (Thx) — ¢ (Tyz) | 7 (da) =
2

Then for every x in the support of w, we have TaATrx = Tyx.
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Proof. For all x € X, we have
1
1|

1
Z Tka:.

k=1

TMx =

Since ¢ is convex, this means that the integrand is always nonnegative. Since 7 is a positive

discrete measure, this means that, for every x in the support of 7w, we must have
1
T > 6 (Thx) = ¢ (Tyz).
k

By Lemma 28, we have TaATix = TaATvx = Ty, ]
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